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Abstract 

We construct the string states \Op > j, {O^ 1 >j x j 2 and \Oq iJ2 >j x j 2 in the Hilbert space 
of the quantum mechanical orbifold model so as to calculate the three point functions and 
the matrix elements of the light-cone Hamiltonian from the interacting string bit model. 
With these string states we show that the three point functions and the matrix elements 
of the Hamiltonian derived from the interacting string bit model up to g\ order precisely 
match with those computed from the perturbative SYM theory in BMN limit. 
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1 Introduction 



Recently, Berenstein, Maldacena, and Nastase (BMN) [1] argued that the IIB superstring 
theory on pp-wave background with RR-fTux is dual to a sector of M = 4 SU (N) Yang- 
Mills thoery containing operators with large i?-charge J. The arguement was based on 
the exact solvability of the Green-Schwarz strings on pp-wave background obtained from 
AdSs x S 5 in the Penrose limit [2]. In BMN limit, the effective 't Hooft coupling is 
^ = 9ymN/J 2 - Under this limit, the duality allows one to compute the free string 
spectrum from the perturbative super Yang-Mills theory. Moreover, it was shown in [3] 
and [4] that in BMN limit some non-planar diagrams of arbitrary genus survive, so besides 
the effective 't Hooft coupling is A', the string interactions in pp-wave also involve genus 
parameter g 2 = J 2 /N. In [4], it was proposed that the interaction amplitude for a single 
string to split into two strings (or two strings joining into one string) is related to the three 
point function of the corresponding operators in the dual CFT, and (?2 V^V was identified 
with the effective coupling between a wide class of excited string states on the pp-wave 
backgound. By this proposal, the authors in [4] computed the second order correction to 
the anomalous dimension of the BMN operator from free planar three point functions and 
found exact agreement with the computation of the torus contributions to the two point 
function. Other related discussions on the string interaction on pp-wave backgound can 
be found in [5]-[19]. 

More recently, Verlinde proposed a string bit model [20] for interacting strings on the 
pp-wave background in terms of the supersymmetric quantum mechanics with a symmetric 
product target-space [21], [22]. In this interacting string bit model, the 't Hooft coupling 
is A 2 = gy M N, but the effective string coupling is identified with the genus parameter 
g 2 = J 2 /N. In [21], Verlinde presented some evidence that this effective interacting string 
bit model would reproduce the complete perturbation expansion of the M = 4 SYM theory 
in the BMN limit. In [21], Verlinde made an assumption that the three-point function in 
the string bit model should be identified with that in the free SYM theory, so it would be 
interesting to see how we can use the operetor E to verify this assumption, and whether 
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we can reproduce the results derived from the perturbation expansion of the Af = 4 SYM 
theory in the BMN limit, which would give a consistency check for the interacting string 
bit model on pp-wave background. 

Motivated by the above, in the present paper we construct the string states \0^ >j, 
lO'q 1 >Ji-h an d \Oq iJ2 >j 1 j 2 in the Hilbert space of the quantum mechanical orbifold 
model so as to calculate the three point functions and the matrix elements of the light- 
cone Hamiltonian from the interacting string bit model. The Hilbert space of the quantum 
mechanical orbifold model is decomposed into the direct sum of the Hilbert spaces of the 
twisted sectors [23] , and each twisted sector describes the states of several strings, so the 
construction of the string states \0^ >j, {O^ 1 >j 1 j 2 and \Oq iJ2 >j 1 j 2 can be realized by 
the fact that the vacuum state of a twisted sector corresponds to a ground state twist 
operator. We show that the three point functions and the matrix elements of the light- 
cone Hamiltonian derived from the interacting string bit model up to g\ order precisely 
match with those computed from the perturbative SYM theory in BMN limit. In our 
calculation, instead of assuming that the three-point function in the string bit model is 
the same as that in the free SYM theory, we derive this by exploiting the operator S, that 
is, we carry out our calculation from the first principles of the the quantum mechanical 
orbifold model. 

The paper is organized as follows. In the next section, we review some basic results for 
the interacting string bit model. In Section 3, we develope some approach to consistently 
construct the string states \0 J >j, \0^ >j 1 ,j 2 and \Oq iJ2 >j 1 j 2 in the Hilbert space of 
the quantum mechanical orbifold model. In Section 4, the three point functions and the 
matrix elements between single and double string states at the order g 2 and the matrix 
element between two single string states at the order g\ are calculated from the interacting 
string bit model. In Section 5, we present our summary and discussion. 
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2 The interacting string bit model 

Let us recapitulate some basic results for the interacting string bit model [21]. One 
can introduce J copies of supersymmetric phase space coordinates {p l n , x l n , 9®, 9%}, with 
n — 1, . . . , J, satisfying canonical commutation relations 

[Pn, < ) = ^5mn , R, €} = , 9~ b J = V<5 mn . (1) 

These J copies can be regarded as obtained by the quantization of the J-th symmetric 
product SjmjM. of the plane wave target space M. The Hilbert space of this quantum 
mechanical orbifold can be decomposed into the direct sum of "twisted sectors" 

H = ®H[y] (2) 
[7] 

labeled by conjugacy classes [7] of the symmetric group Sj described by 

[ 7 ] = (1)*(2)*...(«)* (3) 

where J n is the multiplicity of the cyclic permutation (n) of n elements. In each twisted 
sector, one should keep only the states invariant under the centralizer subgroup C g of g 

C g =f[ S Jn x Zt (4) 

71=1 

where each factor Sj n permutes the J n cycles (n), while each Z n acts within one particular 
cycle (n). 

The Hilbert space of each twist sector can be decomposed into the grade J„-fold 
symmetric tensor products of the Hilbert speces H n which correspond to the cycles of 
length n 

n {Jn } = Sj n H n = ®(n n ®H n ...®H n ) Sjn (5) 

n=\ n=l s v ' 

J n times 

where the space H n is Z n invariant subspace of the Hilbert space of the quantum me- 
chanical orbifold model of 16n bosonic fields p l n and x l n) and lQn fermionic fields 9% and 
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0®. The resulting Hilbert space of the quantum mechanical orbifold model is a sum over 
multi-string Hilbert spaces [24]-[26]. 

Consider the operator S mri that implement a simple transposition of two string bits 

via 

^nrnXrn = X n ^> n rn i ^nm-^k = -^k ^nm k =/= m,n (6) 

with X n = {p l n , x l n , 0®, 9®}. By acting with S mri on a given multi-string sector, we get a 
different multi-string sector via [23] 

S mri : 7~Cy — ► 7Y 7 with 7 = 7- (mn) . (7) 

When two sites m and n in the sector 7 correspond to one single string with length J or 
two separate ones with lengths J\ and (J — Ji), the new sector 7 corresponds to either 
splitting the single string in two pieces of length (m — n) and (J — m + n), or joining the 
two strings to one of length J. 

The light-cone supersymmetry generators and Hamiltonian of the free string theory 
are [21], [22] 

Qo = QT + A Qi 1} , Q = gi 0) - A Q<£> , H = if <°> + A + A 2 lf f (8) 
with 

QT = Efe 0n - 4(%n)0~ n ) , gi 1} = EKw - 4h ^ 

n n 

# {0) = E(^ + <„) + 21 e„n»„) , ff« = - E W 7( n) - M 7 („)) (9) 



n 



H ? )= EMn)-*n) 2 ( 10 ) 
n Z 

and 1 

* = < u > 

1 From [1],[4] and [28], we know that for free string, the A 2 is identified as with g\ M = 47r g, so the 
parameter A 2 should be 9y 8 ™z N , which is different from that in [21] with extra factor gij. 
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The inner product that realizes the combinatorics of the free gauge theory amplitudes 
in the string bit language takes the form [22] 

(H^) 92 = (i>i\s\i>2)o (12) 

where S is defined as S = e 92S with 

s = 4 E s -« • ( 13 ) 

" m<ra 

The free supersymmetry generators can be split into two terms [22] 

Qo=QiT + Q£ (14) 

and the general supersymmetry generators to all orders in g 2 are assumed to be 

Qo =Q^ + S- 1 Q<S (15) 

where the > superscript indicates the terms that contain fermionic annihilation operators 
only, while < denotes terms with only fermionic creation operators. The interacting 
light-cone Hamiltonian can be extracted from the supersymmetry algebra 

5 IJ {Qi,Q h J } = 6 ili, H + J hh (16) 

where J ab is a suitable contraction of gamma matrices with the 5*0(4) x 50(4) Lorentz 
generators J tj [2]. 

The matrix elements of H can be defined by [22] 

(H(t db H + r b Mi} 92 = 5 IJ (HS{Qi,Q b j}\A) (17) 

from which the first and second order interaction terms can be read off 

H 1 =g 2 (U 1 +U 2 ), H 2 =g 2 2 (Vi +V 2 +V 3 ) (18) 

with 

U ± = H E + £# , U 2 = -Qjf £ Q < (19) 

and 

Vi = \{H Q S 2 + S 2 H ), V 2 = - l -Q^T? Q< , V 3 = [Q> , E][E , Q< ] (20) 

Here we should point out that H 1 and H 2 are derived from the bosonic matrix elements 
ofH [22]. 
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3 Construction of the string states in the interacting 
string bit model 



To construct the twisted vacuum states, let us first introduce the ground state twist 
operator E( n ) that translates the string bit Xj within the individual string (n) by one 
unit 

£(n)X/ = X I+ i E( n ) 7 = 1,2, ...,n. (21) 
The untwisted vacuum state |0 > is defined by 



<J0>=0, /^|0>=0 (22) 



with 



x m~ ^2 y<Xm ° m ^ ^ m ~~ a/2^ " 1 a,n ^ 

^n = ^(/9„ + /5„ + ) U9 n = % - (p n - p n + ) (23) 

and the untwisted vacuum state |0 > is normalized as 

< 0|0 >= 1 . (24) 
Then the twisted vacuum state \n > is defined as 

\n >= E (n) |0 > (25) 

with 

a l m \n>=0, (3^\n>=0, < n\n >= 1 (26) 

which can be easily seen from the definition of E( n ). 

The arbitrary group element 7 G Sj has the decomposition 

(m)(n 2 )... (m) (27) 



6 



where each cycle of length n a has a definite set of indices ordered up to a cyclic per- 
mutation and generates the action of the subgroup Z na . Due to this decomposition, the 
operator X( 7 ), V 1 can be expressed 

em = ri > ^ = ri ^ (28) 

where V 1 is the operator defined in the twisted sector 7i 7 . 

To define an invariant operator Vj 7 ], we first introduce the operator Vy corresponding 
to a fixed element 7 G Sj. Under the group action, V 1 transforms into Vh-^^h [31], so the 
invariant operator Vj 7 ] is the sum over all operators from a given conjugacy class 

V h] = 4j E Vfc-i 7fc • (29) 

Any correlation function of the operators invariant under centralizer subgroup C g should 
be invariant with respect to the global action of the symmetric group [31] 

< ...V gi >=< V h -i gih V h -i g2h . . . V h -i gih > (30) 

and the correlation function 



< V gi V 92 V 93 > (31) 



does not vanish only if 2 



93 92 91 = 1 • (32) 
The one-string state operator O 3 considered in [1] 

1 3 

Oi = ; Y e 2nipl/J Tr(<P Z 1 ^ Z 3 ~ l ) (33) 

should be identified in the interacting string bit model as [21] 

Q J = 1 a +e- 2 -^)(f KeW J ) (34) 



fc=i ;=i 



2 We should also include <?i 32 S3 =1, however, the action of the operator E mn on the Hilbcrt space is 
defined S„ m : W 7 — > H 7 with 7 = 7- (mn), so only g 3 g 2 Si =1 is selected [21]. 
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which describes the one-string state and is invariant under the centralizer subgroup Zj. 
To construct the invariant state \O j v >, we introduce the operator O prfl 



j j 



oL = -j ( E < {k f^ pk,J ) ( E K^ ipl,J ) (35) 

J k=l 1=1 

where 71 indicates one-cycle, i.e., one-string state. The operator O pii is invariant under 
the transformation of the centralizer subgroup Zj, and normalized as 

<0|O p J +O p J i7i |0>=l . (36) 

Then the invariant single string state \O p > can be defined as 

\°l >= 7f E ° P V 1 n'iV 1 'n'')l 0> ( 37 ) 
J ■ he s., 

where a is the normalization factor which can be determined by 

< J p \0 J p >= 1 . (38) 
By the centralizer subgroup Zj, the normalization of the state \O p > determines 

/ T1 



a = \l—. (39) 



The two-string state operator 0^ 2 can be constructed as 

Ot l2 = }(E< (fe) e- 27rW )(E^(0 e27rW ) (4°) 
Jl k=i 1=1 

where 72 is decomposed as (J1XJ2) with J 2 — J — J±, that is, two cycles, and the operator 

Og 1 ^ is invariant under the transformation of the centralizer subgroup Zj 1 Zj 2 . Then 

the invariant two-string state \0^ > can be described as 

\0? >= ^ E O^^-^IO > . (41) 
J • he Sj 

The normalization of the state \0^ > gives 



where we have used the centralizer subgroup ® Zj 2 . The two-string state (41) corre- 
sponds to the state in M = 4 SYM theory [1] and [4] 

T,e 2 * iql/Jl Tr(<f>Z l i;Z J i- l )\0 > . (43) 



The other type two-string state operator O ^ 2 2 can be constructed by 

/.,! ,. (£<<»)( £ (**) 

yJ 1 {J — Jl) k=l l=J!+l 

which is invariant under the transformation of the centralizer subgroup Z Jl (g) Zj 2 , and 
normalized as 

<0|O J ^ 2 +O J ^|0>=l . (45) 
The corresponding normalized and invariant two-string state is 

M J2 >= ^ E O£ h % h X {h - ll2h) \0 > (46) 
J • he Sj 

where the centralizer subgroup Z Jl <g) Zj 2 is exploited. The two-string state \Oq iJ2 > 
corresponds to the following state in Af = 4 SYM theory [1] and [4] 

^Tr(0Z Jl )Tr(^Z J - Jl )|O> . (47) 

Up to now, we have constructed the consistent string states \0^ >j, {O^ 1 >j 1 ,j 2 and 
\Oq iJ2 >j 1 ,j 2 in the interacting string bit model. In the next section, we will use them to 
calculate the three point functions and the matrix elements of the light-cone Hamiltonian 
in g 2 and g\ order. 

4 Three point functions and matrix elements of the 
light-cone Hamiltonian in g<i and g\ order 

Exploiting the above constructed string states, we first consider the three point function 
between the single string state \0£ > and the two-string state \0^ > induced by the 



action E 

C pqx = (O p J |S|O g Jl ) 

J J1J2 

with x = J\j J. 

Inserting (13), (35) and (41) into (48), we have 

Cpqx = TJK2 ( °l S (^" 1 7i^) ( ^M-i7i/ l S 

\ J -J h,h'€Sj 

' O ^'- 1 72 fe' S (ft'- 1 72ft')l ) • 

By exploiting (30), the three point function (49) can be recast into 

C P9* = T9 I T = , = = E E(°l E (h-hih) £h-i7ih 
J z y JJi{J — Ji) heSjm<n 

■ S mn Oj 72 E (72) |0) . 

Since the state \0 Jl ) is two-string state, to obtain the single string state \0^ 

J1J2 

variables m and n should take the following values 

1 < m < Ji, , Ji + 1 < n < J 

and the above three-point function can be rewritten as 

g 2 X 2 Jl J 

J z yJJl{J — Ji) he Sj m=l n= Ji +1 

• S mn O^ 72 E (72) |0) . 
Applying the centralizer subgroup Zj 1 ® Zj 2 , Eq. (52) can be reduced to 

Cpqx — ; ^ {^\'^'(h- 1 'y 1 h)0^t-i h 

J*y/jJl(J-Jl)h7sj 71 

By the centralizer subgroup Zj and the condition (32), we arrive at 
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/+ 
71 



with 

l2l.h Jli = 1 ■ (55) 
To simplify the following the calculation, we choose 

71 = (1,2,3,... J-1,J) (56) 

then (55) gives 

7a' 1 = 7Ji J • 7i = ( 123 . . . Ji - 2, Ji - 1, j ) ( J 1; Ji + 1, . . J - 2, J - 1 ) (57) 

Ji times J—Ji times 

and the operators and are simply given by 

J J 



^ m=l ' 1=1 

Ji -1 Ji -1 



O*, = y(Ea:e- 2 "^ + a})(^^*' + tl) (58) 
J l m=l ;=i 

where we have used the fact that the operators 0^+ and are invariant under the 
transformation of the centralizer subgroup Zj, Zj l ® Zj 2 respectively. 
Plugging (58) into (54), we get 



_ 1 J J-Ji sm 2 7rpx 
Cpqx -^ J J, 8in7r(5-£) (59) 

where we have used the relation ( 0|£ 71 Ej 1 jE 7i -i 7j JO) = 1 which can be derived by (7) 
and (55). 

In the BMN limit, j, ^ are very small [1], so (59) can be written as 



^ = V Jx vr^-f) 2 (60) 

which agrees with the three point function calculated from the perturbative SYM theory 
[4]. Here we should stress that the three-point function calculated from the interacting 
string bit model is (59). Only in the case of the small j and jr-, the (59) can be rewritten 
as (60). 
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The other three-point function including the operator can be calculated in the 

way like for C i 



■"pqx 



c px = {o j p \nofr j >) 
j JiJ 2 



\ J -) h,h'eSj 

°o^^ S (v-^)|0>. (61) 



In the similar way, we have 



■ Ej.jO^E^IO) . (62) 



Inserting (13), (58), (44), (56), (57) into (62), we obtain that 



J .hJ 2 k z v J p 

which is exactly the same as that derived from the perturbative SYM theory [4] . 

The matrix element of S 2 between the single string states represents the one-loop 
contribution due to successive splitting and joining, which can be obtained by factorization 

( Op \Oq ) = C, p kxC q kx + C px C qx = 2A pq (64) 

J J k,x % 

where the explicit form of A pq is given in [4] and [3]. 

Now let us consider the matrix element between single and double string states at g 2 
order, which corresponds to an operator mixing term in the gauge theory. From (18), we 
have 

(0 J p \H x \0*) = g 2 (O p J ]£/i|0 ? Jl > +92 (0 J p \U 2 \0 J q i) (65) 
j J\Ji j J1J2 J J1J2 

where XJ\ and U 2 are defined in (19). 

The string states \O p > j, \0 Jl > j lt / 2 and \Oq iJ2 > j 1 j 2 are eigenstates of the free 

Hamiltonian Hq, the first term in (65) can be easily obtained by exploiting (60) 

g 2 (0 J p \U x \0*) = g 2 X'(p 2 +^)C pqx (66) 
j JiJ 2 a; 
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where C pqx is the three point function defined in (60). 
To calculate the second term in (65) 

( J JU 2 \Of ) = -g 2 ( J JQ> £ Q< \Of > 



J1J2 



we give the explicit form for Q> and Q < 



J1J2 



J-l r 

m=0 

J-l 



72 



v a m+l+ a m+l) ( a m^+ a m) 



m 



7 4 A 



m=0 



4 f +«j)-(«V + < 



i t 



(67) 



(68) 



where we have identified the last site m = J with the 0-th site m = 0. Then the second 
term can be recast into 



(Oi\Q>XQ<\0' q 



J1J2 



with 



Xi = -92 A 2 (0/|(E(^ + i-4)7^)s(E^yK + i-<) 



+ (A -Pl-iW {<j-< h ))\0 



J1J2 



X2 = -92X 2 (o J p \( E 



l a m+l a mV 



m=l 



+ iP\ -Fj-iWiaJ-aDjlO 



n=l 



J1J2 



(69) 



(70) 



After taking the inner product and keeping track of the action of the centralizers, we 
have 3 



x — 1 n \' pq r 

2 x 



1 wP9 n 
~2 92 ~x vqx 



(71) 



3 When we calculate X2 some contribution from normal ordering arises, which corresponds to a vacuum 
fluctuation and can be cancelled by the hopping terms in the Hamiltonian [22]. 
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where (60) has been used in the calculation. 

Inserting (66), (69) and (71) into (65), we have 



( OilH, |0* ) =g 2 \>U + ™\ C . (72) 



J JiJ 2 
Similary, we have 

{O^H^O^) = g 2 \'p 2 C px . (73) 
In gauge theory, the mixing between single and double trace operators is [29], [30] 

(O J p (0) : OfO Jl : (x)> = g 2 C pqx (l - A' HxA) 2 (p 2 + % - ™j) (74) 

\ XX/ 

which precisely matches (72). 

Finally, we calculate the matrix element between two single string states at g\ order 

(0 J p \H 2 \0 J q ) = (OilV^) + (0 J p \V 2 \0 J q ) + (0 J p \V 3 \0 J q ) (75) 
j j j j j j j j 

where V 1: V 2 and V 3 are defined in (20). 

From (19) and (20), we see V\ and V 2 have similar structure to U 1 and U 2 with replacing 
£ by £ 2 . By exploiting the factorization (64), we find 



(0^0^) = g 2 \'(p 2 +g 2 )A pq , (0 J p \V 2 \0 J q ) =-g 2 2 \'pqA pq , (76) 



j 

where A pq is the matrix element of the interaction term S 2 defined in (64). 

The matrix element {Oi\V 3 \O q ) can be expressed by the factorization 
j j 

(o j p \v 3 \o j q ) = siy: (o j P mo j q n (o*\[Q>,nQ<\oi) 
j j r j 1 j J1J2 J1J2 j 

- aiY. (o J P \[Qt,nQZK) (o^\o j q ) 
r j x j J1J2 J1J2 j 

+ aiT, {o j p \no j ^ j >) (o^^\[QmQ<\o j q ) 
j 1 j J1J2 J1J2 j 

<fe 2 £ (0 J p \[Q>^]Q<\0^ J >) (Of J >\Z\0 J q ) (77) 

j 1 J J1J2 J1J2 J 
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where in the large J, we have used the relation [E, [E, Qq]] = 0. 
By exploiting (66), (69) and (71), (77) can be written as 

( J p \V,\0 J q ) = g\ A' £ U- -P) - -(r - -))c pra C ?ra -^ 2 2 A' £ p 2 C px C ?;c = ^5 P , 
j j r j. V a: x x / x 47T 

(78) 

where the explicit form of B pq can be found in [29] and [30]. Inserting (76) and (78) into 
(75), we arrive at 

( J p \H 2 \0 J q >^ = gl A' ((p 2 + q 2 - M )A M + ^i^) (79) 
which agrees with the result obtained from perturbative Yang-Mills calculation [29], [30] 

4tt 2 



(O J p (0)O J q (x)) ={5 pq +glA pq ) l-(p 2 +g 2 - W )A'ln(a;A) 2 -^S p9 ln(xA) 2 . (80) 



From (60), (63), (72), (73) and (79), we find that the three-point functions ( J \Y, \Ofr j2 ) 

J JiJ 2 

and {0 J p \L\Oi lJ2 ) , the matrix elements (O^H^O^) , ( O p 1 \H l \0^ lJ2 ) , (0 J p \H 2 \0 J q ) 
j J1J2 J J1J2 J J1J2 J J 

obtained from the interacting string bit model precisely match to those derived from the 
M = 4 SYM thoery. Instead of identifying the three-point function in the string bit model 
with those in the free SYM theory [21], in the above we have exploited the operator E to 
carry out our calculation. 



5 Summary 

So far, we have developed new approach to consistently construct the string states \O p >j, 
(Og 1 >j 1 j 2 and \Oq iJ2 >j 1 j 2 in the Hilbert space of the quantum mechanical orbifold model 
in order to calculate the three-point functions, and the matrix elements of the light-cone 
Hamiltonian from the interacting string bit model. Since the Hilbert space of the quantum 
mechanical orbifold model can be decomposed into the direct sum of the Hilbert spaces 
of the twisted sectors, and each twisted sector describes the states of several strings, the 
construction of the string states \O p > j, {O^ 1 >.j 1 j 2 and \Oq iJ2 >j 1 j 2 has been realized 
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by the fact that the vacuum state of a twisted sector can be described by the ground 
state twist operator. We have shown that for the three-point functions, and the matrix 
elements of the light-cone Hamiltonian up to g\ order, the results obtained by interacting 
string bit model precisely match with those computed from the perturbative SYM theory 
in BMN limit. We should emphasize that in our calculation, instead of assuming that 
the three-point functions in the string bit model are the same as those in the free SYM 
theory, we have derived those from the first principles of the the quantum mechanical 
orbifold model. 

In (1), we have introduced J copies of supersymmetric phase space coordinates, and 
the operator Op 7 is identified in the interacting string bit model as (34). In [3] and [4], it 
was shown that the sum should start from / = instead of I — 1 and this small difference 
has drastic consequences. In particular the operator with sum beginning at I — 1 does 
not reduce to a chiral primary for p — > 0. Thus the operator J V should be defined 

o J p = ^(E4e- 2 " pfc/J )(E^ 2 " p!/J ) • (si) 

J k=0 1=0 

One may wonder if our results would be changed by introducing J+l copies of supersym- 
metric phase space coordinates, and the operator Op 7 instead defined as (81), but after 
some calculation, we find that is not the case. In the above, the interacting string bit 
model has been constructed by the harmonic osillators. It would be interesting to con- 
struct the interacting string bit model in terms of Cuntz osillators [32] and see whether 
both approaches match with each other. We hope to return to these issues in near future. 
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